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One-dimensional echo reflected from the plane interface of two media in
which the wave pattem is defined by quasilinear wave equations is considered.
Depending on the physical meaning of coefficients of the equation, the pattern
of nonlinear wave distortion propagation is defined either in an elastic or a
perfectly compressible fluid {1}, The second asymptotic approximation is
derived by the method of successive integration of inhomogeneous wave equa-
tions, similar to that used in [1 — 4] for the first asymptotic approximation,

1, Let us consider the one-dimensional wave pattern in a medium consisting of
layer A on half-space B (Fig.1). We use the following notation; ¢ for time, X
for the Lagrangin coordinate; Uj, Oy, and p;(j = A, B), respectively, for
the lengthwise displacement, the longitudinal component of the Lagrange pseudostress
tensor, and the densities of layer A and half-space B in their initial state, The
prime and the dot denote derivatives with respect to X and f , respectively,

We define the wave pattern by the equations

. 0w (X, ) = pU;" (X, 9, (LD
» j=A,B
e on; (X, t) = Q; (U)) =

Py + By LU + Yokyy <
(U}I)2 + llskgj (Uif)3+. . .I

. A
%, Vg where Pg, Bj, k;; are constant co-
efficients, and introduce the definitions

g; (Ui) = ;1 dQ; (U;)/4U;,

ci® = Pp;t

S

g
From (1. 1) we obtain the equation
ﬂ;j . i U7 (X, t) — q; (UHUY  (1.2)
R (X,) =0, j=—4,B
Fig,1 We assume that the condition
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U, (X, 00 =0, Uy (X,0)=0 @9
Ua (0, ) = —eea (1) LH (1) — H (t — to)l,

e |<€1;0<Ctg<<calLa

Ud (La, t) = Ug" (La, 1), 0,14 (La, t) = o158 (La, 1)

are satisfied as the initial conditions, the boundary condition at boundary X =0,
and the condition of contact at the interface X = L., respectively. In these
formulas H (f) is the Heaviside function and ¥ (£) an arbitrary continuous function
that satisfies conditions

P (0) = ¢ (20)
max | (2) ]

and in the interval ( < ¢ <( !, has continuous derivatives of all orders required
subsequently,

The boundary effect at X = 0 (the third of conditions (1.3) ) generates a fin-
ite length pulse which we denote by ~ Ugaqy (X, t) , whose reflection and refrac-
tion at the two media interface X = L, produce the reflected pulse U a@ (X, B
and the refracted pulse Upq) (X, t) (Fig.1). The reflected pulse Uae (X, 1) is
the echo from the interface X — La.

Using the method expounded in [1,3] we obtain with an accuracy to the second
asymptotic approximation the following definition of the echo;

I

0, ¥ (0) =19 (t) =0
1, 0<t <<ty

i

10
Uner (X, t) = [H (tsa) — H (tza — to)]{ 2) TiF; + (1.4)

=0

[H (t1a) — H (t14 — to)] ZJF}

i=11

ta=1t—cAX, toa=1t—23Ls+ciX

where F; = F; (X, t) are functions determined by the specification of function
"V () appearing in the boundary condition at X = 0, and the quantities J; =
J; (X)depend on the constants of the considered medium

Fo=1, F,=F2 F,=F;, F,=F;, Fy= MyF, (1.5)
Fg =12, F¢=Fy, F;=F;", Fyg = NyF,, Fyg= M,F,
Fio = M%,", Fy = Yrby, Frp= MYy, Fiy = (M — Mo,
Fiu=Fy, Fiyy=Mpp', Fi =0 Fir = iy
Fig = 0yPe%  Fro = YiFy5  Fao = 929, Fa = (02,
Fos = Nopy', Fag = Nipo', Foy = Mo (1%, Fos = MyF,
Fog = My*Wo™, Fag = MMy, Fog= Ma(Py?)", Fag = MyFy
Fao = Mygype’, Fyp = Mops§s’s  Fge = Maprpe,  Faz = Mapr' s

A

= P(tka) B =V (k) Mi= | v(@)dz
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kA

to
Mo={v@dz, Ne= [ @)ds, k1,2
¢ )

J() = SJA
J1= 15 ka2 (FradiaK s — 204 + ehy 1 47)

Jo = —zi— e 4 aM

Ty = g5 &kial 4 (46 (LaTes — J aX) — €1 aT 23]

Jaor — e T a1 ady 4 — € (34 — bkos)]

J o 91_68%;4 [2(5F TT4) — 12742 (1 + 24 — J4%) —
fum (T4 + T)Kp? 4 3J342a (374 — 1) K] —

1 -2
—8% cad 4 (JA%+ T34 + + e3%,pd adiaJraca%CE

w

Jo = o] {TkIA 127 °X + La [2J3aT24Kp — 20 14d34 —
(13 + MT ) + koad a [La (J4* 4-1) — JAZX]}

Jo = o %iach [Ja? (BL4® — AL4X — X?) + J 4L %)

Jy = %SWA{ 3 kialdJa (2 —J4) —1]+ szJAZ}

Ty = — 7 6 akiadvatoa (374 — 2J14Kp)

o= — 15 OKaT 414 Tn = — 5 T4 (864 — 34T )

Jio = Jig = %a%lAJA, Ji = %SskaJfMo

Jig = = €A (KA —ha) s Tao = 5 €4 (2 Ba — s

Tz = =68 4 (K4 — hya),

Jys = — _%_Jlg = %s%hcf.fﬁ (2L4s — X)

o= — g Ju = g WA X T 4y T — — T,

Tas = s 8Had 4

Jos = JRss = — €T 4 (g-hia —Fan) s Jag = Jiay = Tag

Jog = Ja0, Ja9 = J1s,
J30:'—2J J31——2J32:J J33—__83k1AJA

__ Pp°p—P4afa _ _
JA“‘mv JlA_l_‘JAv J2A—1+JA

(1.6)

(1.7)
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k . kypca
klsﬁA 1, Ky = lec
1488 1468

Note that in conformity with (1.4) the reflected pulse is defined in the nonlinear
interaction region of the incident and reflected pulses (see triangle 123 in Fig. 1) by
the totality of all terms (i = 0, 1,.. ., 33) of that formula, while outside that
region it is defined by the first sum in braces (i = 0, 1,...,10) of the same form-
ula, The term with ¢ =0 which contains the first power of & determines  the
linear (zero) approximation, while terms containing the second and third powers of ¢
determine corrections for the nonlinear effects within the accuracy of the first and
second asymptotic approximations, respectively, The terms i=0,1,...,4 and

i =11, 12, 13  in the sum in (1.4) are accurate within the first asymptotic approxi-
mation derived in [1,3] with coefficients J; determined within the accuracy of terms
containing & in the first and second powers.

2. Letus consider some fixed point X = a outside the region of interaction of
pulses U, aw (X, 1) or U, Ay (X, t) in which the echo is determined by the first
sum in braces in formula (1,4), We assume that at that point the echo is registered
and its time lag

r=2cxaLs —cia (2.1)
measured,

We assume that function 1 (f) can be chosen so that the echo Uy (X, t)
can be decomposed in components whose time dependence is defined by functions F,;
(a, t), of corresponding amplitudes ./;. Then the coefficients J; can be assumed
to be the experimentally obtained constants for X = a

Let us consider the information on parameters of layer 4 and half-space B that
can be extracted from the numerical values of r, Jy, Jy, J5,. .. . The [bound-
ary] effect amplitude &; == e€c4 and the value of the definite integral M, are
taken to be specified constants of which the last vanishes when these effects are
"balanced”,

Actual acoustic measurements are, evidently, obtained with some knownaccuracy,

hence we can only consider those of constants J1, Js,. . ., that are not too small
in comparison with J, and the noise level, and allow for some error in the deter-
mination of each of constants 7, Jy, Jy, J,,. . . . Below, we consider the follow-

ing groups of experimentally determined constants,

1°, parameters r and J, of the echo linear component that are expressed in
terms of the [boundary] effect amplitude &, = £C4 and of parameters of layer 4
and half-space B in conformity with formulas (1. 6) and (2. 1),

2°, Parameters J 1‘; Ja, Jgand J ;of the echo first order nonlinear components that
are expressed in terms of parameters of layer A and half-space B in conformity with
formulas (1, 6), with J,°, J¢° , and J,° denoting the respective principal parts
of J,,J; ,and J, containing g2

3°, Parameters of the echo second order nonlinear components J; (j = 1, 3, 4,

. ., 10) that are determined in conformity with formulas (1. 6).
Problems of information extraction from parameters of groups 1° and 2°  were
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considered in [1 — 3] for various forms of boundary effects and measurable quantities,
The possibility of information extraction from parameters of group 3° can be analyzed
in a similar manner, We shall formulate the basic results without going into the
details of the analysis,

We assume that the {boundary] effect amplitude &; = &£¢4 and the function
P (f) of that effect variation — and when M, = 0 , also, the distance from
point @ of interaction to the point of echo measurement — are known,

If only values of constants r and J, of group 1° are obtained from experiment-
al data, it is possible to calculate the quantities

2Ly —a)/ca, Ja/ca (2.2)

If values of constants of groups 1° and 2° are available from such data, it is poss-
ible to calculate the quantities
kiay kin / cp (2.3)

and when My = 0, &, ca, La, Ja
If one succeeds in extracting from experimental data the values of groups 1° — 3°,
it becomes possible to calculate in addition to (2, 3) the quantities

ksa, kop/ cp? (2.4)

while simultaneously increasing the accuracy of calculation of quantities (2. 3).
These conclusions are based on relationships
ep'p  Joa kyy ARy, oncp  Kphy

- . k = (2.5)
3 1A .
paca Jia g €y Pats €4

obtained with the use of definitions of ca and c¢p, and formulas (1.7),

A particular case, Whenthelayer A and the half-space B are
perfect incompressible fluids we have [1]

b= =i 1), k=Y + ) (i +2), i =4,B (26

where y4 and g are the adiabatic exponents of fluids in layer 4 and half-
space B, respectively, In this case it is possible to determine, using the experi-
mentally determined quantities kg / cp and kyp /¢y, the ratio kyp®/ kop

which in accordance with formulas (2. 6) is expressed in terms of yp as follows:

Kp vt 2rp-tt
kg Thvg?+hvp+1 2.7
from which follows
2
2(R—1) kip
v=——f— - B-g; (2.8)

Having obtained the numerical value of yp, we can calculate k;p and kap,
and then ¢; . Since Ppcp/ paca and ca are now known quantities, it is not
difficult to calculate the ratio pp / pa.
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3. In applications it may prove to be more advantageous, or necessary, not to
decompose the reflected pulse in components whose time dependence is determined
by respective functions F; (a, ¢), but in some other manner.

For instance, when a source is generating sinusoidal pulses

Uy (0, t) = —ecy [H (t) — H (t — t,)] sin ot (3.1

the echo consists of components (harmonics) of frequencies o, 20, 3w,. . ..
Amplitudes of the first three harmonics are obtained from the solution of the inverse
problem of acoustic diagnosis using second approximation formulas.
The value of information provided by the echo can be increased by using the
source of the so-called *parametric" pulses of the form

Uy® (0, 8) = —€cy [H () — H (¢ — )] (2) (3.2)
P (8) =1, (cos 2042 — €OS 20,2), @y > Oy (3.3)

with these and the use of second approximation formulas for solving the inverse
problem of acoustic diagnostics, we obtain echo components of frequencies 2w,;, 4w,,
6y, 20, 400z, 60y, 2 (0 ), 2 (20,4 ©;) and 2 (0, 20;). The number
of different frequency components whose amplitude contains information is, thus, in-
creased from three in the first case to twelve in the second. The echo constant com-
ponent is not considered here.

Let us consider again the signal outside the region of its interaction with the fad-
ing pulse, The substitution of (3.2) and (3. 3) into (1.4) yields

U ggya (@0 ) =[H (t,4) — H (1,4 — t0)] X (3.4)
12
[ao+ S (a; 008 @14 + by sin ;t,4) ]

1=1
Q; = 2ie,, if i=1,2,3
Q=2(G0—3 0w, if i=456
Q; = 2 [e; + (—1)io,l, if i=17,8
Q; =2 la, + (—1)¥20,], if i=9,10
Q; = 2 [20, + (—)iw,], if i=11, 12

1
ag =5 (J1—Jy) (3.5)
1 . 90e? — 0,2
o =—"6z 32Jg + 18J5 — 72wy J-,—W g —

(1 2(012 J ]
27— 2 (1+ 55) T

1
ay=a; =g (J1+J4)

1
aa=“'6_4(2-]5_72®12J1+J3+419+2~]10)

1 s 90,2 — my3

a4=6—4-|:32fo+18]5—72(02J7—|—W g —

1219—2(1+1Lf]10)]
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1
a5=a—(2.}5— 2053T 5 1 Jg - 4Jy -+ 2Jy)

1 Oy @y '
G ="—"§ [2J1+( o, ZJTJ Ja]
1 0103 F 0% 3§ 4wy?
a1 “gz[—ﬁfs+24(w1+2mz)”7 BT

W __ ® 0 _ o
i ) s () ]
10y F 053 F dwy?
oy (0g F- @)
W __ W Ao
(1¢_.1. =)J, “(20),2 +—(;—;—) Jm]
by = = by = 1,9 (1675 - 9J6+4t2AJl)

1
‘s T84 [‘”s— 24 (0, F 2008 4 -+ Tot

J J J
by=by=— ", by=—by="g5, by=by=-7"

3J 3J
by=bp="g5", bu=bn=—"g3"

Let us assume that the processing of experimental data has provided numerical
values of amplitudes a; and ;b; of various components of the echo (3.4). The
extraction of information from the echo then reduces to the determination of quantit-
ies J;(i=0,1,2,...) onthe basis of a; and ; (i = 1,2,...), using formulas
(3.9), since the information extraction from J;(i = 0,1,2,...) hasbeen already
dealt with in a general manner in Sect, 2. Since each of coefficients a; and b;
depends on several J;, it is important, when calculating the latter by formulas(3. 5),
to evaluate the order of magnitude of terms in these formulas,

Let us consider the case

0 ~ 0y~ Q, (@3 —0) / 0 ~n, 01
Ig~1, Ky~1, Kp~1, QMg ~ 1

From iritial assumptions and definitions we have
ek 14 | €1, max t,4 = 1, Q = nnty™? (3. 6)
we introduce constant « which we define as follows:
Lynn/ (tocy) ~ (ehy )™ (3.7

On the basis of formulas (1.6), (3.4), and (3.5) we can conclude that application
of the asymptotic method used here is justified only in the case of problem parameters
that in (3.7) correspond to  a < 1. We admit that this condition is fulfilled. Then,
taking into account (3, 6) and (3.7), we obtain from formulas (1. 6) and (3.5) the fol-
lowing estimates for J; :

Jo~8; Jy, Ja, Jo ~ €%, 45 Jg, Jo ~ €2k 4L 404

Js, Jss Jo, J10~8 klA’ Jq ~ SsszLACA

Coefficients J; G =0, 1,..., 6, 9, 10) in formulas (3, 5) are of order unity,
the coefficient at J, isof order Q2 ~ andat Jg isoforder y™1 in the
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calculation of a4y, a,, ay, a;; and of order unity in the calculation of a3, a5, a5
and 4.
Taking the aforesaid into account, we conclude that in this case the calculation
of Jj using a; and b; may be carried out as follows: J, is calculated using
ag or ag; Jy and J, using the system of equations for a, and an J,
using b; or b Js using by or bgy J, using by or B, and Js Jr, Je e
Jiw are calculated using the system of equations for ag, @y 834, a3 and gy
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